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CLIMB PATH FOR Lun..pT LLAPSED TIME

The purposes of this note are to exbmine the suitability of an engineer-
ing method which has been in use for deﬂennlnlnp the path a jet-powered air-
plane should follow to achieve a specified speed and altitude in the least
elapsed time, to indicate the conditions under which the method beconies un-
realistic, and to sugpest an alternative procedure. Idealiy, the optimum
acceleration-climb path would be obtained as the solution of a variation pro-
blem; this problem has been written out in very general form by Magnus K.
Hestenes (RAND RM=-100). The solution of] this problem has not been found.

To obtain the method recommended in this paper the variation problem has been
expressed in the least general form which still takes account of the inportant
mechanisms influencing the time consumed by the airplane to accelerate and climb.
The solution of the simplified problem is then approximated by a systenatic
construction. In the recommended nethod the load factor, flight path angle,

and the longitudinal acceleration are considered and the elapsed flight time

is expressed as the sur of two integrzls, one corresponding to level flight
acceleration and the other to the climb at (variable) high speed. The optimun
path is at hand when the sum of the integrals is a minimum.

Y

While this note was in preparation, the writer had the benefit of several
interesting and fruitful discussions of the problem with T. F. Kirkwood.

l. First formulation of the problem.

The present engineering method of determining the optimum acceieration-
climb path is now to be considered. Tbe forces on the airplane are depicted

. on the following diagram. [
L
T
18
‘r_._..-""_
W dv W, de
D+ 7 dt o Centrifupul force: V dat

T = thrust
D = drag

W = welpght

L = 1ift ‘

g = acceleration due to ﬁravltyf

t = time 1

V = flight speed (assuned para#lel to T)

Apparently W dv
(1)
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= 2
hence
w = Vain9+lﬂ s
W dt
Let

LI;=W911 - Ro = rate of climb for zero acceleration

= fgtatic rate of climb"

Vsesing = %% = R = actual rate of climb

and assume that along the flight path

vV = V(h)
Then
V dV dh vV dv
Ro R + zdh at - R(1 e d )
or
(dh + < av)
dt = R
o
Thus the time to climb, A, is
h,,V h,,V
2%°2 (dh-b'!dV) 2272 (1¢Egl)dh
A - —_—s . £ dh (2)
R R
o o
M,V Yy

Now R = il;iilllz where the thrust, T, is a function of altitude, h, and
\

velocity, V, and where the drag, D, depends not only on the altitude and velocity
but also on the tangential acceleration and on the 1lift being furnished by the
wing, which in turn is a function of weight, angle of climb, and the load factor
(1.e., normal acceleration or centrifugal force). In the method of obtaining the
best climb path being scrutinized, it is assumed that Ro is a function of altitude

and velocity only, hence the influence of load factor and angle of climb are
ignored. It is further assumed that the 1ift is equal to the weight in the
climbing attitude,
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Congider the numerator on the right in (2):

(1 + %’%% dh .

On kinematic grounds, it is possible for this expression to vanish, namely
whenever the sum of the xinetic and potential energies of the airplane is con-
stant. This occurs physicully when the component of the ulrcraft weight in

the flight direction is sustuined wholly by inertia. However, when it is assumed
that Ro is a function of h and V only, the denominutor of (2) does not necessarily

vanish with the numerator and according to that expression the airplane can
achieve altitude at the exper.se of speed in zero or negative elapsed time.
Obviously, the elapsed time is to some extent underestimated by (2) whenever

%% is negative. Conversely, the eventuulity %§:>0 entalls overestinmation of
of the elapsed time by (2) with Ro - Ro(h,V).

It has been shown that the use of the formula

b,V
‘- 22 (an+Lav)

R (h,V

(2a)

h1,¥1

for the deduction of optimum flight paths is unrealistic on the following counts:
The airplane is restricted to small climb angles, the effects of load factor
(centrifural force) are not accounted for, and the time consured in gaining
altitude at the expense of speed (airplane partially inertia-born) is underesti-
mated. Apparently paths determined by means of (2a) ray not be correct.

The englineering vrocedure for solving (2a) is to construct a chart of Ro

versus V with contours of constant h using the characteristics of the specific
alrolane, and to draw on this chart a set of lines joining the initicl und final
poincts of wltitude and speed. The elapsed time along each path is calculated

by numerical integration of (2a). The trend of the rusults is & guide to the
construction of udditional path contours, the process being continued until

an optimum p-.th is found. Unfortunately, the paths so obtuined are usually

such that the conditions under which (2&5 is valid and realistic are violated.
An improved procedure is nceded.

2. Preliminary variation-calculus arguments.

Equation (2) is now exploited for cuslitative information. Assume that all
operation is at maxdimum power so that the airplune completes u climb at speeds less

CONRFIDENTIAL
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toc the final speed. Also assume initially that h and V are vlecewl se
S (o 5% 1) such that

than or equal
tions of a variable

continuously differentiable func
h(o) = hy = initial altitude
4

h(1) h2(>h1) = final altitude . W
’ 4
V(o) v, = initial speed

v() = ¥V, = final speed.

to f£ind functions K(5), v(5) fulfilling

The problem is then stated in the form:
(4) and such that
1 (h' + A v')d )

(5)

S » 2 nii

o

) 4 is a minimum,
: '
¥ Upon conduction the first variation of X\ with respect to h and V the following '
3 simultaneous equations appear 3
b .
. 6 Bl 2% vl 5| -0 (6) :
Ri, 3V goh 1

i
>
x
)\

3R
V] e Yf =1} -
-27F o (7)

Q9

, There are apparently two altornotives:

2 R 3R
)...-—O-_Y.__——?--O
8) 3y goh

or
b) n' = 0 and V' = 0 (R§<~)

in av important consideration to
It has been specified that h2> hl’

that h(1) > h(0) with

not fulfilled (vut is fulfilled
is to bhe serutinized.

tinuous h(S) such

In general (a) is
follow), hence option (b)

: . tnerefore in view of (b) there axists no con
'z (Q except at & finite number of points; it follows that the problen specified
However, there does exist a lower limit

by (1) and (3) has no minimiging solution.
. of the elapsed time, which 1imit can be approached with arbitrary precision.
1imiting flight path 1is obtained by relaxing the piece-

A guide to finding the
wise continuous differentiability condition on h and V. Then if
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one has that except at a finite number of points

h = O
v = 0
dVv dh dv !
Vo= Snat " an”
' 4av '
So when V. = O, either 3 = o orh = O.
] v‘
Also: h = av
dh

dv
n— 4 oD .

]
0, either v = 0Qor g

1
and when h =

, & change in sltitvde occurs at

According to (9)
5imilarly by (10},

constant velocity.

To declde whether t

small steps, consider ag
e speed for maximum

ain equation (2). Th

altitude and, telow th
minimize the elapsed time the

speed. Therefore, to

mum constant altitude

Lccelerate at mini

atant speed (1.e. ‘U’z]

Climb at the maxcimun el

On the h,V plane, the fundamental flight D

hy Yo

L — v

There is one curve on the

AR, y 2R |
3 V- gdh

This curve is usual Ly nearly straigh

Vv max. By the nature of the Ro

constant §, therefore:
accelerate at const

o accomplish the changes in speed
e function Ro

static rate of climb,
rules are:

Tan is as skatched !

(V, less than speed, at h,,

(8)

__‘_“;Am__ﬁA S i e ——-‘%ﬁ

(9)

(10)

climb at
ant altitude.

and altitude in large or
(h,V) decreases with

increases with

for maximum static rate of
climb)

h,V plane on which the follo

0.

t and vertical, and occurs in t

(h,V) function, the e
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wing equation holds
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when both terms vanish; therefore the cu
rate of climb, for on that R

rve is the locus of the maxdimum static

J
locus both o and o vanish. Let hlc’ vlc be

eV ah
the point of this jocus at h,, and h, , V. the corresponding point at h,;
1 2¢’ 2 2
then if
<
Y1 Ve
v 2 \
2 2¢

s to accelerate at constant altitude to the point hlc’ vlc;

14 is advantageou
climb along the locus

dR 3R
© . o o .
a v ’ 3dh

to h,. , V,. and then accelerate at constent altitude to V.. The case V¢ v
2¢? 2¢ 2 2 1

is not considered.
s suggested by the foregoing vrules"

1 optirum paths. These paths are,
viously described.

at the flight path

jons to the actua
ained by the engineering procedure pre

tion of variation problem for

It is to be emphasized th
are only rough first approximat
of course, similar to those obt

least general) realistic formula

3, Simplest (i.e.
path of least elapsed time.

acceleration - climb
sormulatior.of the climb problem is

cated for practical calculation
it motivates & sultable approx-—

a least general realistic
jon is apparently too compli
h the findings in paragraph 2,

In this paragraph,
derived, This formulat
but, in conjunction wit

imation method.

Referring to equation (1)

av N
T-D+Wa1ne#gdt .
Assuming a parabolic airplane polar,
L2
D-DO*——-—i—-DO*Di (11)
naqb ¢

where

Do = parasite drag of alrplane

Di « induced drag

e = airplane efficiency factor

propnnngErEy e A TE
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i
b = wingspan
9 1 2
E a = 3 pvV: = dynamlc pressure.
%
The lift is
] Wy 48 |
L W cos & + 2 v 3t
the sccond term being the centrifugal force. Thus, substituting in (1)
!
L] w k
2(o,V) = Dyle,V) + Dy (p,¥)(cos O )2 wetnoegV (12)
o
w2 "
where Di = > is the induced drag for level flight at the given speed and ]
o ngb e
altitude. When the thrust, T, is written as a function of , and V only, &s in (12),
the assumption is tacitly made that the thrust line is essentially parallel to the N
local tangent to the f1ight path. It is convenient to make (12) dimensionless by E
dividing each term by W, and to introduce the notation ,‘-
5 ‘ J.P.Q.lc .];st.vcvz.c.i)_‘?_i I
' o ] WD 2 P s AR § P i
D
S I U N B
) .
io W W "b2°'li sz o V2 2 ﬂb2e
i B
= /C’ - M
: w
Then (12) i5
ve.2 )i
( = 8 ) ——m— —
| > e,V) Jo(;,,v) + d’io(P,J)(cos e + g) + sin © + z
. . . . (13)
- CpV2+-—%(cose+-‘-@2+ sine#!-
1 2 g
a't
Equation (13) relates the functions ¢(t), v(t), and 6(t) along the flight path.
The altitude history, n(t), is of course known when either p(t) is known (by vircue of
the standard atmosphere tables) or V(t) and 8(t) are known, through the relation
t
® h(t) = hy+ vV sin © dt.
o
o ARy -w
B ocnioll S LONFIDENTLL
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The elapsed time increment dt associated with the increments dV, d@ is found by
separating variables in (13) regarded as a differential equation; it is found that

2C

c o)
T—vz' cos 86 d 6 + dV +Vh —%'coaedVde .« T2 L £ 362 (T- (21;,,\’2 - sin ©)
gdt - j P '

s C
2 (T- clpvz - 8in & - -32 cos? @)
pV

Thus the problem is to determine continuously differentiable functions (t), V(t),
6(t) such that the elapsed time, A, is a minimum, where

2, , . c, o ea G, 2 2
—=Z 0 cos8 &+ V + L—icoseve«b(v)’l.-—-e (T—ClpV - 8in 6)
gN = L. L, dt., (1)
2 (‘C"—CpVZ- sine-——zcosze)
) 1 Pvz

The analysis requires only piecewise continuous differentiability of p, V, 6; but
the vhysical situation deletes the '"piecewise". Actually only two of p, V, 6 are

required for a complete solution, the third being available through one of the
following equations

t
p = p(h(t)) ; h = h1+/ V sin & dt
o
5 (p)
0 = arcsin—d%-—-
dh
v 59 (p)

sin &

The Euler equations corresponding to (14) are quite complicated, That arising from
the variation with respect to p is

2] C 2, . 3C
¥ —%cosze-ClpV:Z+—2-%V8cose—ClpVE*—%cosze-‘t’%sinG +
p .
pv pV eV
2

2C .0 C ‘
v —— |- ClpVZ (T- 26pV° - 2 8in @) + 25 cos? © (3T- V% - 3sin 6) ~T% +

P PV ’
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L

= (] =
2 é cos® . C
o sin 8 (2T= CpV° = sin 0)] + | —2— xveuno-1 )+v ¢ v? -~ =35 cos®)|
, 1 p 1 ' 1 22
9
IE' @ d ¥ C i
V.vﬁecoua~v2+hﬁzf{r-clﬂz-nnaj -0 (15)

_ﬂr,\r:r"",ra;-—v W ,\g

e ¥ an b .

The equations corresponding to the variations of V and © are of comparable complexity.
Inasmuch as the constants C,, Cz, and the dimensionless thrust function,®, are not
universal but are character%atica of each particular airplane, it is obvious the
~cneral integration of the three simultaneous equations of type (15) is impossible,
and that their specific integration as a routine calculation is out of the question.
This obgervation motivates the derivation of a new numerical experimental method of
the type described in paragraph (1), which however takes into account the important
influences of climb argle and load factor. And one has reesson to feel that such
methods constitute the only practical approach to the problem,

4 Derivation of recommended procedure,

According to paragraph (2), the optimum path is expected to consist of a level
portion at low altitude durirg which the airplane accelerates to a speed near the
desired final speed, followed by a climbing portion at rather high speed (not
necessarily constant) and terminated by & pull-up if the desired final speed is less
than the climbing speed, or by a levelling-out if the final speed is to be greater
than the climbing speed. The elapsed times during the level and climbing phases

are now separately expressed, and the optimum path i1s at hand when the sum of the
expressions is a minimum.

O the low-and-level phase, it is assumed that ® = © = O, hence, eccording

to equation (13) the time consumed in level acceleration from the initial velocity
Vl to the unknown initial climbing velocity vlc is

- - A av . (16)
& T’(pl,v) = 0; (Plnv) = 510 (prv)

Now the rate of climb is V sin 8, hence referring again to equation (13), the
elapsed time in the climdb phase 1is

v
g &

2
N - f dh 7.3V r (17)
¢ hl v [T(P:v) - Cro(?,v) = éhio(p,v) cos 6 + -—g') - —.]
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The procedure is as follows: On a plane whose coordinates are altitude and
speed, the initial and final points of the acceleration-climb path are plotted and
are joined by path lines of the kind shown in the diagram below.

path g
moth |

4.4 !

L |

L3

il 4

The approximate elapsed time formula is then integrated nunferically along the legs
of the paths, and the trend of the sum lh + kb is a guide to the construction of

improved path lines. The process is continued until an apparent minimum is dis~
covered., The optimum paths for different airplanes having the same type of pro-—
pulsion system have of course a generic aimilarity which, when known, permits the
construction of a first-guess path that is near the optimum and thereby minimizes
the computation labor required for the solution.

Numerical integration by either the trapezoidal or Simpson rules is envisaged.
The calculation of the integrand of (16) at seclected points om the level path line
is straightforward, but in the consideration of the climbing phase, several diffi-
. culties arise:

a. At the beginning of the climb phase the denominator of (17), which is equal to
V sin 6, is zero “ecause © is zero throughout the level phase, When 6 ie zero, so
= also is dh; this indeterminacy must be removed in order to start the numerical
4 integration. It is satisfactory to assume that during the firgt moments
of the climb the airplane speed is constant, sin ® = @, cos ® = 1 - 8¢, and
2

that the rate of climb (ard hence ©) is quadratic in elapsed time. Thus, measuring
time from the beginning of the climb

Vsin 6 = @t°

Ah = Veinedt = AQ%E .
o
At the time t
: gee . g s
3P
/
mEmaATREATIAL
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h
ence - Ah
V sin @
Also,
2 -
o-at® - Lo
-3 ¢50h '
8o 9=29%s
which implies o . 2V&°
5 3ah

where all ocuuntities in the last equation are measured at the time t.

UInder the stated assumiutions, equation (13) is

2 N\ 2
[~) Ve
Z-so¢gi° 1-2-08 + O

2
. e 2,
§o* 840 | L +<38Ah 1) 61«8

Thus at time t \/ (16V2 )
0 = — ol e %7 el 5;0 <ft- S - Sl;>
av2

(18)
3gah " 2
. 2
2Ve
® = 3ah (19)
and the time consumed by the muneuver is
¢ =22 _ 38h (20)

é“ Ve

It is convenient to select a Ah of about 500 feet; all other quantities in these
expressions are then xnown in terms of the kiiown V and h. One is now in a
position to continue the integration of (17) along the selected climb path.

b. At subsequent points {labelled 5, 6, 7, .v., j, «». On the accoupanying
figure) along the path line on the h, V plane, only h, V, and dh are definitely

known, but O, é, and V are required as well in order to calcuISXe the integrand
in (17) at these points. Following & sugzestion by Kirkwood, these quantities
may be estimated by a continuing integration of ® as follows:
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At point j: h, V, and %—hf are known, and st point J - 1, all required quantities

are known.
|

Let
dh 1
W S (a negative quantity in the figure as drawn.)
; ;
Then at
haVsinG-%V =—> V = 3V sin® (21)
Now
’t’-J°+o’io(cose+-v—2)2+sine+yé (13)
so at J

?\2
o dEeSD G:oseol-g->+sine(l+ﬂ)
o io f4 g

Thus v
. p ’Z":-af()—sinej(1+ﬂ—
ej - 2 75s —~ cos Sj (22)

Provided that adequately small intervals of altitude (say 1 or 2 thousand feet)
geparate successive points 3 - 1, 3, +..) @ linear variation of 6 in each interval
may be assumed. Then

ol BN T ah
3 3-1 2 . (V sin ©) 1 * {V sin e)i
: 2
hence [(V - . ]
é f (9J - ej—l) sin 6))--* (Vv sin 9)3_17 g e -
| ah Jj-1 e

The equation obtained by compuring exrressions (22) and (23) may be solved for 9.}
by cut—and-iry, whereupon either expression may be used to calrulate Oj. Finally,
by (21)

\.,j = 1 (V sin 9)J

ha\l r.p
oAt SISEMTIAL
vea b - olvod -
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n is replaced by zero in the forepoing equations.

j : conrinziTIAL
|

When climbing at constant veloclity,

A1l the tools needed for the systematic comparison of selected acceleration-
climb paths are now at hand. A set of calculations using these methods is in pre-

paration and will constitute a subsequent report.
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